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An example of a coherent measurement for the direct eval- 
uation of the degree of polarization of a single-mode optical 
beam is presented. It is applied to the case of great practi- 
cal importance where depolarization is caused by polarization 
mode dispersion. It is demonstrated that coherent measure- 
ment has the potential of significantly increasing the informa- 
tion gain, compared to standard incoherent measurements. 



I. INTRODUCTION 

One of the lessons of quantum information theory 
is that coherent measurements generally provide more 
information than incoherent ones. And this is true even 
if the quantum systems under investigation are not en- 
tangled. Recall that coherent measurements are repre- 
sented by operators whose eigenvectors are entangled. 
Consequently, coherent measurements, contrary to inco- 
herent ones, necessarily treat several systems at once. 
Most known examples use spin i, named in this context 
qubits. For instance, to determine the direction to of 2 
spin o in a pure but unknown state \ fh) ®\fh) , Massar and 
Popescu Q have proven that a specific coherent measure- 
ment provides the maximal possible fidelity [Q, strictly 
better than all successive standard measurement, even if 
the second one is allowed to depend on the result of the 
first one. This is an intellectually attractive result! The 
game is possibly even more fascinating if one starts from 
2 spin i in pure, but opposite states |to) <g> | — to) ||. But, 
admittedly, all known examples, in particular the above 
mentioned ones, are somewhat artificial. Also, in order 
to have a well defined and tractable problem, all exam- 
ples assume simple a priori distributions (e.g. random 
directions, but pure state) and use as figure of merit the 
concept of fidelity whose main quality is to be easy 
to compute. 

In this letter, on the contrary, we consider a problem 
of great practical value and show that coherent measure- 
ments could provide a real advantage over all possible 
incoherent measurements schemes. Moreover, our pro- 
posal can be realized with today's technology and has 
the potential of being made very compact and cost ef- 
fective. The price to pay, conceptually, is that the figure 
of merit and the a priori distribution are not uniquely 
defined. The concept of optimal measurement is thus 
ill-defined. 

The problem is to measure the Degree Of Polarization 
(DOP) of a single mode optical beam, e.g. at the out- 
put of a single-mode optical fiber. This is usually done 



indirectly, by measuring all 4 Stokes parameters. This is 
typically an incoherent measurement scheme: each pho- 
ton is measured with a polarizing beam splitter (PBS) 
with detectors at each of the outports. For about a third 
of the photons the PBS analyses circular polarization, 
while for the second and last third of photons it anal- 
yses the photons in the horizontal-vertical and diagonal 
linear polarization bases, respectively. Such polarimctcrs 
are expensive, bulky, rather slow and require frequent 
recalibration. But one can easily convince oneself that 
there is no better way to measure the DOP if one treats 
each photon separately, i.e. if one uses incoherent mea- 
surements. Let us note that treating photons separately 
does not mean that one uses single-photon detector (ac- 
tually, all commercial polarimeters use analog detectors 
sensitive to the photon flux); it means that the contribu- 
tion of each photon is independent of all the others. 

Now, assume we have 2 photons in the same unknown 
mixed state (we denote polarization states by vectors, 
using the Poincare sphere representation) : 
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where the DOP equals \M\, < \M\ < 1, and a de- 
note the Pauli matrices. The state (Q) is clearly not 
entangled, but let us consider coherent measurements 
on such states. The overlap between the product state 
(P) and the archetype of entangled state, the singlet 
/ ^ ) = 7f(lT,l)-|I,T)),reads: 
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Consequently, a coherent measurement with the singlet 
state as eigenstate provides results directly related to the 
DOP. Intuitively this can be understood as follows. If the 
DOP is high, the photons are likely to have the same po- 
larization and thus no overlap with the singlet state (re- 
call that in a singlet state the 2 spin | are anti-correlated 
in all direction). 

It is natural to ask whether the above coherent mea- 
surement is better in principle than a succession of two in- 
coherent measurements. But, a priori the question seems 
ill defined because there is no natural a priori probability 
distribution for the DOP (for the direction of M we make 
the natural assumption of complete randomness, i.e. the 
direction is uniformly distributed). One possible distri- 
bution for the DOP could be uniform between and 1. 
Another would assume that the vector M is uniformly 
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distributed in the sphere equipped with the euclidean 
metric. But in fact the a priori distribution depends on 
the problem under consideration. In the next section we 
present the problem we have in mind and compute the 
corresponding probability distribution for the DOP. 



the two PS which then propagate without distortion (ne- 
glecting chromatic dispersion), but at slightly different 
velocities, as illustrated on Figure 1. Assuming incoming 
pulses of Gaussian shape, I(t) — Io e ~* ^ 2<T with spread 
cr, the outcoming pulses in each PS read: 



II. DEPOLARIZATION DUE TO POLARIZATION 
MODE DISPERSION 

Polarization Mode Dispersion (PMD) is presently one 
of the limiting factor in optical fiber communication sys- 
tems (see [[jj and reference therein). In particular, fibers 
installed in the 1980's have rather large PMDs and there 
is an intense effort to develop PMD compensators 0. 
One difficulty is that PMD is a statistical quantity (see 
below), the compensator must thus be active. Ideally, 
the feedback parameter should be the Differential Group 
Delay (DGD), but the measurement time would be too 
long. Another possible feedback parameter is the DOP. 
There is thus a high interest in fast DOP measurement 
techniques. In addition to speed, typically in the mi- 
crosecond domain, the measurement should operate at 
low powers (pW). In this section we briefly recall the ori- 
gin of PMD, the basic concepts of Principal States (PS) 
and of Differential Group Delay (DGD) M and compute 
the induced depolarization. This provides the a priori 
DOP distribution for this case of great practical impor- 
tance. 

PMD is cause by small asymmetries in the fiber, hence 
locally there are two group velocities. This simple pic- 
ture has to be combined with polarization mode cou- 
pling: the degeneracy between the 2 polarization modes 
of perfectly circular fibers is only slightly lifted by the 
asymmetry present in all real fibers. Consequently, the 2 
polarization modes couple easily. Accordingly, the pho- 
tons propagate partly in the fast mode, partly in the slow 
mode. The polarization mode coupling is very sensitive 
to any mechanical or thermal perturbation. Thus, in 
practice, it fluctuates and has to be considered as a statis- 
tical phenomenon. If the source is of very low coherence, 
the outcoming light is completely depolarized. If, at the 
other extreme, the source is monochromatic with optical 
frequency u>, the beam propagating in the single- mode 
fibre is fully polarized, its polarization state ij> u result- 
ing from complex interferences. In the realistic cases the 
optical spectrum Aw is finite but small compared to the 
PMD. One can then show that there exists two mutually 
orthogonal privilege polarization modes, called the Prin- 
cipal States (PS) characterized by their stability to 
first order Hi: 
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where St(lo) is the DGD, i.e. the relative delay between 
the two PS. Note that (^) implies ^j(o ; )^,ps = 0. Any 
incoming polarization state can thus be decomposed onto 



Efast{t) — E 



Eslow (t) — Eq 



/l 


+ T] 


2 ' 


ll 


- V 



(4) 
(5) 



where To is the mean propagation time, Eq takes into 
account the attenuation and rj denotes the relative in- 
tensity of each PS (77 is randomly distributed between 
-1 and 1). It is known that for fibers much longer than 
the mean polarization mode coupling length (in practice 
fibers longer than a few km), the DGD St is a random 
variable with Maxwell distribution [p|-pT| : 
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where the rms DGD At is defined as the PMD. 

The polarization state of the outcoming light can now 
by described by the following density matrix: 



p = I dt(E f as t\ fast) + E s i ow \slow)) (7) 
{Ef ast {fast\ + E s i ow (slow\) (8) 

(9) 
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from which the DOP can be computed: 

DOP = M = \M\ = (r; 2 + (1 - i^e' 5 ^ 7 (10) 
The DOP probability distribution can be computed from: 



p(M) =--T]r7 Prob(DOP > M) 



(11) 



where Prob(DOP > M) = J °° (I(St)p(St) J 1 ^ dr] and 

^min = max{0, ^JJLsll/itl }■ Figure 2 illustrates the 
corresponding DOP probability distribution for pulses 
with spread cr=10 ps and PMDs Ar=20, 30 and 40 ps. 



III. IMPLEMENTATION OF THE COHERENT 
MEASUREMENT 

Implementation of coherent measurements require 2- 
photon processes, i.e. non-linear optics. Efficient 
2-photon absorption at telecom wavelength has been 
demonstrated using commercial devices |]l2| , ^3| . In these 
demonstrations, however, the two photons had to have 
a fixed polarization, determined by the geometry of the 
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device. In order to have a selective 2-photon absorption 
for the singlet state, interference effects have to be ex- 
ploited. This is clearly possible using either gas cells as 
suggested in [14] for Bell-state analysis, or using solid 
state devices [15]. More generally, any of the configura- 
tions used to produce maximally entangled polarization 
states via parametric downconversion in nonlinear crys- 
tals could be used (see e.g. [[l6]jl7]]), permuting the input 
and output, see figure 3. For the 1550 nm telecom wave- 
length, the upconverted photons around 775 nm can be 
detected with efficient Si avalanche photodiodes. Such 
simple configurations could be improved using cavities 
similar to the techniques used in optical parametric os- 
cillators. 

Note that since photons are bosons, two photons can 
be in the anti-symmetric singlet polarization state only if 
either they propagate in different modes |l8|[ , or they have 
different wavelengths. When photon pairs are prepared 
in the singlet state for quantum information experiments, 
they are usually send in different directions. But in the 
present case they arrive within the same optical pulse in 
the same single-mode optical fiber. Hence they can have 
a singlet component only if the optical spectrum is not 
arbitrarily sharp, in agreement with the fact that a sin- 
gle spatial mode of perfectly monochromatic light is al- 
ways 100% polarized. Accordingly, a possibly convenient 
collmear configuration to measure the singlet component, 
hence to measure the DOP, consists in 2 type II crystals 
in series (type II means that the two photons have mu- 
tually orthogonal polarizations). The first crystal's cut 
should be such that phase matching favors 2-photon ab- 
sorption with the lower frequency photon polarized ver- 
tically, while the second crystal is such that 2-photon 
absorption is favorable when the lower frequency photon 
is polarized horizontally. The 2-photon absorptions in 
the 2 crystals are coherent in the sense that the upcon- 
verted photon results from the coherent superposition of 
the processes taking place in each crystal. The distance 
between the crystals can thus be adjusted such that only 
photon pairs in the singlet state are upconverted. 



IV. FIGURES OF MERIT 

It is too early to assess the practical value of our pro- 
posal, though we plan to work on this issue. With enough 
engineering efforts, one can expect a compact device. 
This would be the first direct measurement of the DOP, 
usually measured indirectly via the 4 Stokes parameters. 
Accordingly, an improved accuracy to measurement-time 
ratio might be achieved. 

On the conceptual side, let's assume that one has 2 
photons in state ([!]) where the direction of M is random 
and the DOP \M\ a priori distribution follows (|Tl|). If the 
coherent measurement produces the outcome "singlet", 
then the a posteriori distribution reads: 



p(M\singlet) = p(M) 



P{singlet\M) 
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where Psinglet = L p{S)P(singlet\S)dS 

and P(singlet\M) is given by (g). In this case the 
information gain is given by I s %ngle.t = H - H sing i et 
with the entropies Hq = J dMp(M) log 2 (/c(M)) and 

H S i n giet = f dMp{M\singlet)\og 2 {p(M\singlet)). The 
case of "triplet" outcome is similar. The mean infor- 
mation gain for coherent measurement is thus: I C oh. = 
Psinglet I singlet + Ptnpietltripiet- This should be compared 
to the information gain using incoherent measurements. 
The optimal is obtained when measuring both photons 
in the same basis. The probability P(oi — 02\M) 
that both photons produce the same result Oj is then 
P(oi = o 2 \M) = 3+ g /2 . We found numerically that the 
information gain using the coherent measurement is al- 
ways larger than the obtainable gain using incoherent 
measurements. For PMDs of 20, 30 and 40 ps, the ra- 
tio Icoh./ lincoh. is 7.08, 5.69 and 5.23, respectively. For 
arbitrary large PMD, the ratio tends to 4.82. 

A priori one could imagine that the proposed coher- 
ent measurement is optimal (from Shannon's information 
point of view) in some cases, but not in others. How- 
ever, Acin and colleagues |ll| recently proved that it is 
optimal, whatever the a priori distribution is. This is 
a rather surprising result obtained in a research on the 
optimal estimation of 2-qubit entanglement. 



V. CONCLUSION 

Thanks to recent conceptual and technological 
progress, quantum physics starts to reveal its tremen- 
dous power for information processing. We presented a 
scheme based on quantum coherent measurements which 
provides direct information on the degree of polarization 
of a single mode optical beam. The measurement is fea- 
sible using similar nonlinear crystals as used for photon 
pair creation via parametric downconversion. The case 
where depolarization is due to polarization mode disper- 
sion has been analyzed in detail, including the informa- 
tion gain compared to incoherent measurements. This 
example is of great practical relevance for today's fiber 
optic communication systems. 
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FIGURE CAPTIONS 

1. Fig. 1 Principle of depolarization due to PMD. The 
incoming pulse (left of the fiber) is decomposed onto 
the fast and slow principal polarization states (right of 
the fiber, see text). 

2. Fig. 2 Probability distribution for the DOP in case 
of Gaussian pulses with a spread of 10 ps and optical 
fibers with PMDs of 20 ps (full line), 30 ps (dahsed) 
and 40 ps(dotted line). 

3. Fig. 3 A possible collinear configuration using two non- 
linear crystal in series. 
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